The deformation properties of heavy nuclei undergoing the individual fission paths are studied. To understand the nuclear mass division process at low energy, fission events for the symmetric and asymmetric fission paths are analyzed from the overall fission events. The fragment mass-yield distributions for the symmetric and asymmetric fission paths in the fission processes of 210 Po, 227 Ac, 233 Pa, 249 Bk, and 259 Md are systematically studied. Fission characteristics including the deformation of the fissioning nucleus at the scission configuration, the fragment massyield distributions, and the total kinetic energy release for individual fission paths are presented.
Introduction
Theoretically, multiple fission paths were recently found by the theoretical calculations of the fission potential surface in a five-dimensional deformation space at and beyond the outer saddle points. 1 Experimentally, by examining excitation functions for fission events in the fragment mass distribution and the total kinetic energy (TKE) distribution, we demonstrated the presence of correlations between the saddle-point and scission-point configurations, i.e. the existence of the independent fission paths in the dynamic descent of deforming nuclei from the saddle to scission configurations. 2 In the lighter actinides, 232 Th and 238 U, the existence of two independent fission paths has been experimentally certified. 2 One initiating with the lower threshold energy reaches the less elongated scission configuration leading to the asymmetric mass division and the higher fragment kinetic energy, and the other path starting with the higher threshold energy reaches the elongated scission configuration leading to the symmetric mass division and the lower fragment kinetic energy.
The shape of the mass-yield distribution is one of the longstanding puzzles in fission observations. The observed fragment mass-yield curve was analyzed as a superposition of events originating from different types of the fission process. [3] [4] [5] [6] [7] It has been turned out that these fundamental processes essentially represent the independent fission paths, 8 or the deformation paths [9] [10] [11] in fission. A recent experiment studying the Coulomb fission of mass-separated radioactive beams unveiled a systematical variation of the shapes of the mass-yield curves from the single symmetric peak to the triple-humped peak and to the doublehumped asymmetric peak, for the isotopes of thorium with the change of the neutron number from 132 to 139. 12 In fact, nuclear fission essentially represents an elongation process including many kinds of collective motions of an atomic nucleus. Nuclear mass division occurs at the end (scission configuration) to the dynamic deformation motion of the fissioning nucleus. As mentioned before, the dynamic motions of nuclear matters in the multidimensional space from saddle toward scission points proceed along at least two different paths. The properties of fission fragments are determined by the characteristics of these deformation paths. Accordingly, the experimental informations of each deformation paths of the fissioning nuclei are capable of providing important clues for better understanding the fission properties, such as the mass-yield distribution observed in the experiment. In this context, our present attempt was made to understand the fission observations from the viewpoint of the characteristics of the individual fission paths.
The Deformation Properties of Individual Fission Paths
The measured average TKE(A1, A2) value released from a given mass split process is, in first order approximation, equal to the Coulomb repulsion energy between two nascent fragments A1 and A2, i.e. TKE(A1, A2) = Z1Z2e 2 /D(A1, A2). Z1 and Z2 are the charges for corresponding fragment masses A1 and A2. They were obtained from the UCD model by which the ambiguity being brought into the results was turned out to be about 1%. 10 The D(A1, A2) (fm) term is the distance between the charge centers of a pair of complementary fragments at the scission configuration which is the last state for the fissioning nucleus still retaining as a whole. In order to allow an estimation of the degree of deformation at the scission point for different nuclei, a shape elongation β, was defined as
2 ) with r0 = 1.17, means the distance of two charge centers for the spheres. The β is hence a measure of the degree of the deformation of the scissioning nucleus and an indicator of how much, prior to fission, the nucleus deviates from its spherical shape.
In Figure 1 , the measured shape elongations of the scissioning nucleus leading to individual mass splits are displayed as a function of the mass ratio (AH /AL) of the pair fragments, in part (a) for fissioning systems 3 Th produced a mass-yield distribution having a broad symmetric shape 13 that represents the typical feature of the symmetric fission process. While fission of p + 232 Th and p + 238 U at Ep = 14.7 MeV produced the mass-yield distributions having double-humped peaks that represent the mixture results of coexistence of the both processes of the symmetric and asymmetric mass division. Thus, to understand the nuclear mass division process occurring at the low energy, we need to distinguish the fission events for the symmetric and asymmetric processes from the overall fission events observed.
From the experimental data of solid circles, one sees that in the symmetric mass division region, the observed β of the scissioning nuclei (solid circles around the symmetric mass di-Zhao vision with AH /AL ∼ 1) show a nearly constant value. In the asymmetric mass division region (solid circles in the area of AH /AL > 1.5), the observed β values of the scissioning nuclei in parts (b) and (c) also remain a nearly constant, but the absolute value is different from that observed in the symmetric mass division region. The question rising here is the β values in between the above two regions are largely varying with the AH/AL. They no longer remain the constant nature in between the symmetric and the asymmetric regions of mass divisions. The interpretation for this phenomenon is that fission events in this mass region are produced by more than one type of the fission processes. Under the assumption of the symmetric and asymmetric fission, we decomposed the overall fission events into two components, for the details of the analysis method the reader may refer to Reference 14. It is noted here that this assumption of two fission components does not deny the existence of more fission paths. Two were considered here because the residuals of the fission events after two-component analysis (for the studied fissioning systems) were less than 5% of the total fission. We also tested that adding more fission paths into the analysis did not essentially alter the results presented in this paper.
Open circles and open triangles are the results for the symmetric and asymmetric fission paths, obtained from the analysis of the TKE(A1, A2) events using the same analytical method in Reference 14. The data of open circles were determined by the initial parameters for the symmetric fission paths, according to the newly discovered regularity: invariance of the final deformation of fissioning nuclei. 9 The results of open circles were obtained from the analysis, showing the β values for the asymmetric mass division in the mixture region. One can find that the analytical data (open triangles) in the region of 1.1< AH /AL < 1.5 show almost identical value with the observed data (solid circles) in the region of AH/AL > 1.5. This is to say that nuclei undergoing the asymmetric fission path reach a nearly identical scission configuration prior to rupturing into fragments, because the β value is almost unchanged with the change of the mass split. Two remarks need to be noted here. The first, the β values for the nuclei undergoing both the symmetric fission path (see part (a) of Figure 1 ) and the asymmetric fission path (see parts (b) and (c) of Figure 1 ) show a slight dependence on the mass split. The β variation of either fission path with the AH /AL (in the region of AH/AL = 1.0-2.0) corresponds to the fluctuation of the TKE ∼ 1.5 MeV. This magnitude, may reflect some important information of the fission processes, but unfortunately is within the order of the experimental ambiguity. Therefore, only from the present experimental data, it is difficult to clarify if this variation carries some specific physical significance for the mass division process of the nuclei. The second, the minimum β value in the asymmetric fission path is observed at the mass split leading to the fragment A = 132 (corresponding to AH /AL = 1.3 for p + 232 Th and 1.25 for p + 238 U reactions). This may attribute to the presence of the spherical shells N = 82 and Z = 50 in the fragments, and hence provides the direct evidence for the effects of spherical shells on the final mass division process. In Figure 2 (a), the shape elongations for the nuclei undergoing the symmetric fission paths are plotted versus the mass number of the fissioning nucleus. A part of data was reported in References 9, 10, and some new experimental data were added into the present plots. One data point is the β value for one fissioning nucleus as indicated by its name. The data in the area covered by all dot-lines in Figure 2 (a) are the β for the fissioning systems with the excitation energy ranging from 10 up to 120 MeV. Skipping such a wide energy region, the fission characteristics show a large variation, but one can find that the β value retains a constant and the variation is as small as less than the vertical height of the shadow space. On the other hand, the β values along the horizontal direction also show a constant nature. It is to say that the final shape elongations of nuclei undergoing the symmetric fission path are nearly the same and not varied with the mass number of the fissioning nucleus, giving the β ∼ 1.65. The data indicated by solid and open squares are the β values for spontaneous fission nuclei in the heavy actinide region. They give different β value from those for the lighter actinide nuclei. This difference in the final deformation of the heavy nucleus (Af ∼ 260) and the light nucleus (Af < 245) indicates that the symmetric fission path in the light and heavy actinide is not the same one. From the shape of the fragment mass-yield distribution, it is usually considered that the symmetric fission path nearly vanishes in the region of Af ∼ 245, and a sudden change of the fission mode occurs when the nucleus becomes heavier than Af = 256. But the results in Figure 2 (a) indicate a smooth transition of the β from Af < 245 with the β ∼ 1.65 to Af ∼ 260 with the β ∼ 1.33. No sudden change taking place in the fission processes of nuclei is observed when the nucleus changing from the lighter to heavy actinides.
The data in Figure 2 (b) are similar with those in 2(a) but for the asymmetric fission path. Due to some discussions of these results have been made in Reference 9, we hence only mention here some natures that are important for the argument in followings. One may have noticed the identical β values for the asymmetric fission path. All nuclei reach a degree of deformation with a constant β ∼ 1.53 at the scission configuration prior to rupturing into fragments. In conclusion, in the asymmetric fission path the final degrees of the deformation are invariant with the nuclear mass and charge of the fissioning system. The space marked using dot-lines in Figure 2(b) indicates the vertical variation for the β value in the studied Af -region, it is generally less than 2% of the absolute value.
The Total Kinetic Energy Release in Individual Fission Paths
From the identical shape elongation of fissioning nuclei, the formulas for the TKE release in the symmetric and asymmetric fission paths were derived. In the symmetric fission path the constant β of 1.65 gives TKE = 0.1173(Z 14 A comparison of the presently derived TKE function with the available experimental data is given in Figure 3 . The experimental data are indicated using solid circles, including the results for the lowenergy symmetric fission path and the heavy-ion induced symmetric fission path. The experimental data are taken from Refer- 
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ASym. Figure 4 . The fragment mass-yield distributions for the representative fissioning nuclei over a large region. They show the smooth, systematic changes in the grass characteristics (such as the shape and peak position) of the mass-yield curve for either of the symmetric and asymmetric fission paths for nuclei from pre-actinide to the heavy actinide.
Fragment mass number
Zhao ber show their theoretical results. 19 In the calculations, effects of several types of the nuclear dissipation force on the dynamical evolution of the fissioning nucleus beyond the fission saddle point were taken into account. The long-dashed line with the sign "1" is the result for the one-body dissipation, that with the sign "2" for the two-body viscosity, that with the sign "3" for the surface-plus-window dissipation. The results calculated without considering any dissipation force are shown via the short-dashed lines with the sign "0". The theoretical prediction of the dynamical model with the surface-plus-window dissipation shows the best agreement with the experimental data and data obtained from the presently derived TKE formula, except for those in the fission of very heavy nuclei in the region of Z 
The Fragment Mass-yield Distributions for Individual Fission Paths
On the mass-yield curve, the changing tendency of its shape with the change of the fissioning nucleus in the heavy actinide region was studied in Reference 20. Here we expand our view to a wider region of the fissioning nucleus. In Figure 4 , the systematic changes of the mass-yield curve in the fission process of the preactinide ((A) 210 In the following discussions, we will concentrate on the varying trend of the mass-yield curves in the symmetric and asymmetric fission paths. The peak positions of mass-yield curves in the symmetric fission path are marked using a vertical arrow with the letter "Symm". The peak positions for the light fragment mass in the asymmetric fission path are marked using a horizontal arrow with the letter "Asym", and those for the heavy fragment mass are marked by a dotted line in the vertical direction.
One sees that for preactinide in 210 Po region, the nuclei fission symmetrically and produce a broad single peak of the fragment mass-yield curve as the one shown in Figure 4 (A), In 227 Ac region, the fission process produces a triple-humped fragment mass-yield curve as the one given in Figure 4(B) , where the symmetric and asymmetric fission paths are of the similar importance in determining the results of the nuclear mass division. But as compared to those in the 210 Po region, the width of the symmetric mass-yield curve becomes narrow. As going into the actinide region, fission of 233 Pa as well as 249 Bk gives out the double-humped fragment mass-yield curves. This is a typical pattern in the actinides. The results of bold lines from the 210 Po to 249 Bk show that the width of the mass-yield curve for the symmetric fission path becomes small with the increase of the mass and charge of the fissioning system. This is probably due to the competition arising from the occurrence of the asymmetric fission path of the dotted lines in Figure 4(B) . From the viewpoint of the fission barriers (threshold energies), it has been found that the fission barrier-heights for the symmetric and asymmetric fission paths have the comparable values in the 227 Ac region, while in the actinide the former barrier height becomes higher than the latter. 24, 25 On the mass-yield curve for the asymmetric fission path, as shown in Figure 4 , the light fragment peak of the asymmetric mass-yield curve smoothly moves towards the heavy side when the nucleus becomes heavier in the actinide region. To the contrary, the heavy mass peak does not move away as indicated by a vertical dotted line at the fragment mass A ∼ 140. This phenomenon is turned out to be the same reason 14 leading to the symmetric fragment mass valley to fill in (see gross features of the bold-dashed curves from Figures 4(C) to 4(D)) at the low excitation energy. Previously, this phenomenon was attributed to the decreasing probability for the mass asymmetric fission path with increasing Af or Zf in actinide region. But the study of fission probabilities for the individual fission paths based on the precise measurements of the TKE intensities indicated that the relative probability for either of the two paths is nearly constant in the light actinide region. This can be also seen in Figure 4 , as the fissioning nucleus becomes heavy, the width of symmetric mass-yield curve becomes narrow and sharp (solid curves), while the height of peak (vertical arrow with "Symm." sign) becomes lower. In the same time, the asymmetric peak is lowered. But this trend was not observed in the region of heavy actinides, such as in the fission of the 259 Md. The reason has been recently revealed 10 from the deformation properties of the nuclei undergoing individual fission paths: the symmetric fission path in the region of the heavy actinide is different from the one in nuclei of the light actinides.
Conclusion
As the excitation energy varied in such a large range from 10 to 120 MeV, large variations were observed in the characteristics of fission fragments. But the final degree of deformation of the fissioning nucleus was invariant, giving the β ∼ 1.65 for nuclei in the symmetric fission path and β ∼ 1.53 for those in the asymmetric fission path.
The formulas for the TKE release in the symmetric and asymmetric fission paths, derived from the identical shape elongation of fissioning nuclei, were presented. f < 1800. On the mass-yield distribution, it was found that the varying trend of the gross characteristics in the massyield curve was qualitatively correlated to the changing trend of the relative heights of the fission barriers for the symmetric and asymmetric fission paths.
